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Abstract Using the fixed point and direct methods, we























where p; q; d are positive integers, in random normed
spaces.
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Introduction and preliminaries
A classical question in the theory of functional equations is
the following: ‘‘When is it true that a function which ap-
proximately satisfies a functional equation must be close to
an exact solution of the equation?’’. If the problem accepts
a solution, we say that the equation is stable. The first
stability problem concerning group homomorphisms was
raised by Ulam [32] in 1940. In the next year, Hyers [14]
gave a positive answer to the above question for additive
groups under the assumption that the groups are Banach
spaces. In 1978, Rassias [25] proved a generalization of
Hyers’s theorem for additive mappings. This new concept
is known as generalized Hyers–Ulam stability or Hyers–
Ulam–Rassias stability of functional equations. Further-
more, in 1994, a generalization of Rassias’s theorem was
obtained by Gaˇvruta [13] by replacing the bound ðkxkp þ
kykpÞ by a general control function /ðx; yÞ.
In 1983, a generalized Hyers–Ulam stability problem for
the quadratic functional equation was proved by Skof [31]
for mappings f : X ! Y , where X is a normed space and Y
is a Banach space. In 1984, Cholewa [7] noticed that the
theorem of Skof is still true if the relevant domain X is
replaced by an Abelian group and, in 2002, Czerwik [9]
proved the generalized Hyers–Ulam stability of the
quadratic functional equation. The reader is referred to [1–
29] and references therein for detailed information on
stability of functional equations. In the sequel, we adopt the
usual terminology, notions and conventions of the theory of
random normed spaces as in [30].
Throughout this paper, let Cþ denote the set of all
probability distribution functions F : R [ ½1;þ1 !
½0; 1 such that F is left-continuous and nondecreasing on R
and Fð0Þ ¼ 0;Fðþ1Þ ¼ 1. It is clear that the set Dþ ¼
fF 2 Cþ : lFðþ1Þ ¼ 1g; where lf ðxÞ ¼ limt!x f ðtÞ, is
a subset of Cþ. The set Cþ is partially ordered by the usual
point-wise ordering of functions, that is, FG if and only
if FðtÞGðtÞ for all t 2 R. For any a 0, the element
HaðtÞ of Dþ is defined by
HaðtÞ ¼
0 if t a;
1 if t[ a:

We can easily show that the maximal element in Cþ is the
distribution function H0ðtÞ.
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Definition 1.1 A function T : ½0; 12 ! ½0; 1 is a con-
tinuous triangular norm (briefly, a t-norm) if T satisfies the
following conditions:
(a) T is commutative and associative;
(b) T is continuous;
(c) Tðx; 1Þ ¼ x for all x 2 ½0; 1;
(d) Tðx; yÞ Tðz;wÞ whenever x z and yw for all
x; y; z;w 2 ½0; 1.
Three typical examples of continuous t-norms are as
follows: Tðx; yÞ ¼ xy; Tðx; yÞ ¼ maxfaþ b 1; 0g;
Tðx; yÞ ¼ minða; bÞ:
Recall that, if T is a t-norm and fxng is a sequence in
½0; 1, then Tni¼1xi is defined recursively by T1i¼1x1 ¼ x1 and
Tni¼1xi ¼ TðTn1i¼1 xi; xnÞ for all n 2. T1i¼nxi is defined by
T1i¼1xnþi.
Definition 1.2 A random normed space (briefly, RN-s-
pace) is a triple ðX; l; TÞ, where X is a vector space, T is a
continuous t-norm and l : X ! Dþ is a mapping such that
the following conditions hold:
(a) lxðtÞ ¼ H0ðtÞ for all x 2 X and t[ 0 if and only if
x ¼ 0;
(b) laxðtÞ ¼ lx tjaj
 
for all a 2 R with a 6¼ 0, x 2 X and
t 0;
(c) lxþyðt þ sÞ TðlxðtÞ; lyðsÞÞ for all x; y 2 X and
t; s 0.
Definition 1.3 Let ðX; l; TÞ be an RN-space.
(a) A sequence fxng in X is said to be convergent to a
point x 2 X (write xn ! x as n !1) if
limn!1 lxnxðtÞ ¼ 1 for all t[ 0.
(b) A sequence fxng in X is called a Cauchy sequence in
X if limn!1 lxnxmðtÞ ¼ 1 for all t[ 0.
(c) The RN-space ðX;l; TÞ is said to be complete if
every Cauchy sequence in X is convergent.
Theorem 1.4 [30] If ðX; l; TÞ is an RN-space and fxng
is a sequence such that xn ! x, then
limn!1 lxnðtÞ ¼ lxðtÞ.
Definition 1.5 Let X be a set. A function d : X  X !
½0;1 is called a generalized metric on X if d satisfies the
following conditions:
(a) dðx; yÞ ¼ 0 if and only if x ¼ y for all x; y 2 X;
(b) dðx; yÞ ¼ dðy; xÞ for all x; y 2 X;
(c) dðx; zÞ dðx; yÞ þ dðy; zÞ for all x; y; z 2 X.
Theorem 1.6 Let ðX; dÞ be a complete generalized metric
space and J : X ! X be a strictly contractive mapping with
Lipschitz constant L\1. Then, for all x 2 X, either
dðJnx; Jnþ1xÞ ¼ 1 ð1:1Þ
for all nonnegative integers n or there exists a positive
integer n0 such that
(a) dðJnx; Jnþ1xÞ\1 for all n0 n0;
(b) the sequence fJnxg converges to a fixed point y of
J;
(c) y is the unique fixed point of J in the set
Y ¼ fy 2 X : dðJn0x; yÞ\1g;
(d) dðy; yÞ  1
1L dðy; JyÞ for all y 2 Y .
In 1996, Hyers et al. [15] were the first to provide ap-
plications of stability theory of functional equations for the
proof of new fixed point theorems with applications. By
using fixed point methods, the stability problems of several
functional equations have been extensively investigated by
a number of authors (see [10, 22–24]).
This paper is organized as follows: In ‘‘Stability of the
Cauchy–Jensen functional equation : a directmethod’’, us-
ing direct method, we prove the Hyers–Ulam–Rassias























where xi; yj; zk 2 X, in random normed space. In ‘‘Stability
of the Cauchy–Jensen functional equation : a fixed
pointapproach’’, using the fixed point method, we prove the
Hyers–Ulam–Rassias stability of the Cauchy–Jensen
functional equation (1.2) in random normed spaces.
Stability of the Cauchy–Jensen functional
equation: a direct method
For a given mapping f : X ! Y , we define





















for all xi; yj; zk 2 X.
In this section, using direct method, we prove the gen-
eralized Hyers–Ulam–Rassias stability of the Cauchy–
Jensen additive functional equation (1.2) in random space .
Theorem 2.1 Let X be a real linear space ðZ; l0;minÞ be
an RN-space and / : Xpþqþd ! Z be a function such that
there exists 0\a\ 2
pþqþ2d satisfying










 ðtÞ l0a/ðxi;yj;zkÞðtÞ ð2:1Þ
















for all xi; yj; zk 2 X and t[ 0. Let ðY ; l;minÞ be a complete































exists for all x 2 X and defines a unique Cauchy–Jensen
mapping L : X ! Y such that
lf ðxÞLðxÞðtÞ l0/ðx;x;...;xÞ




for all x 2 X and t[ 0.





xð Þðpþqþ2dÞf ðxÞðtÞ l0/ðx;x;...;xÞ ðtÞ ð2:4Þ















for all x 2 X and all t[ 0. Replacing x by 2nxðpþqþ2dÞn in (2.5)









































































































Replacing x by 2
lx














































sequence in a complete RN-space ðY ; l;minÞ and so there





























and so, for any [ 0,










































Taking n!1 in (2.9), we get











Since  is arbitrary, by taking  ! 0 in (2.10), we get
lLðxÞf ðxÞðtÞ l0/ðx;x;...;xÞ



















































we conclude that L satisfies (1.2).
To prove the uniqueness of the additive mapping L,
assume that there exists another mapping M : X ! Y











































































2nð2 ðpþ qþ 2dÞaÞt










Therefore, it follows that lLðxÞMðxÞðtÞ ¼ 1 for all t[ 0 and
so LðxÞ ¼ MðxÞ. This completes the proof. h
Corollary 2.2 Let X be a real normed linear space
ðZ; l0;minÞ be an RN-space and ðY ; l;minÞ be a complete
RN-space. Let r is a positive real number with 0\r\1,









































exists for all x2X and defines
a unique Cauchy–Jensen mapping L:X!Y such that
lf ðxÞLðxÞðtÞ l0kxkrz0
ð2ðpþ qþ 2dÞr  2rðpþ qþ 2dÞÞt
2rðpþ qþ dÞ
 
for all x 2 X and t[ 0.
Proof Let a ¼ 2
pþqþ2d
 r
and / : Xpþqþd ! Z be a
mapping defined by












Then, from Theorem 2.1, the conclusion follows. h
Theorem 2.3 Let X be a real linear space ðZ; l0;minÞ be
an RN-space and / : Xpþqþd ! Z be a function such that













 ðtÞ l0a/ðxi;yj;zkÞðtÞ ð2:12Þ



















for all xi; yj; zk 2 X and t[ 0. Let ðY ; l;minÞ be a complete
RN-space. If f : X ! Y be a mapping with f ð0Þ ¼ 0 and
satisfying (2.2). Then the limit









exists for all x 2 X and defines a unique Cauchy–Jensen
mapping L : X ! Y such that
lf ðxÞLðxÞðtÞ l0/ðx;x;...;xÞððpþ qþ 2dÞ  2aÞtÞ: ð2:13Þ
for all x 2 X and t[ 0.





xð Þf ðxÞðtÞ l0/ðx;x;...;xÞ ððpþ qþ 2dÞtÞ ð2:14Þ
for all x 2 X and all t[ 0. Replacing x by ðpþqþ2dÞnx
2n
in































The rest of the proof is similar to the proof of Theorem
2.1. h
Corollary 2.4 Let X be a real normed linear space
ðZ; l0;minÞ be an RN-space and ðY ; l;minÞ be a complete
RN-space. Let r is a positive real number with r[ 1 , z0 2
Z and f : X ! Y be a mapping with f ð0Þ ¼ 0 and satisfying





exists for all x 2 X and defines a unique Cauchy–Jensen





for all x 2 X and t[ 0.
Proof Let a ¼ pþqþ2d
2
 1r
and / : Xpþqþd ! Z be a
mapping defined by












Then, from Theorem 2.3, the conclusion follows. h
Stability of the Cauchy–Jensen functional
equation: a fixed point approach
In the rest of the paper, by Uðxi; yj; zkÞ, we mean that
Uðx1; . . .; xp; y1; . . .; yq; z1; . . .; zdÞ. Using the fixed point
method, we prove the generalized Hyers–Ulam–Rassias
stability of the functional equation AQf ðx; y; zÞ ¼ 0 in
random normed spaces.
Theorem 3.1 Let X be a linear space ðY; l; TMÞ be a
complete RN-space and U be a mapping from Xpþqþd to










for all xi; yj; zk 2 X and t[ 0. Let f : X ! Y be a mapping































exists for all x 2 X and L : X ! Y is a unique mapping
such that







for all x 2 X and t[ 0.





xð Þðpþqþ2dÞf ðxÞðtÞUx; x; . . .; x|ﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄ}
ðpþqþdÞtimes
ðtÞ ð3:4Þ
for all x 2 X. Replacing x by 2x






pþ qþ 2d ;
2x













for all x 2 X and all t[ 0.
Consider the set
S :¼ fh : X ! Y; hð0Þ ¼ 0g










where, as usual, inf/¼þ1. It is easy to show that ðS;dÞ is
complete (see [18]). Now we consider the linear mapping
J :ðS;dÞ!ðS;dÞ such that
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for all x 2 X. First we prove that J is a strictly contractive
mapping with the Lipschitz constant pþqþ2d
2
a. In fact, Let
g; h 2 S be given such that dðg; hÞ\e. Then
lgðxÞhðxÞðetÞUx;x;...;xðtÞ














pþqþ2dð Þh 2xpþqþ2dð ÞðaetÞ
U 2x










for all x 2 X. So dðg; hÞ\e implies that
dðJg; JhÞ ðpþqþ2dÞae
2
. This means that
dðJg; JhÞ ðpþ qþ 2dÞa
2
dðg; hÞ
for all g; h 2 S.
It follows from (3.5) that dðf ; Jf Þ a
2
.
By Theorem 1.6, there exists a mapping L : X ! Y
satisfying the following:
(1) L is a fixed point of J, i.e.,
2L





for all x 2 X. The mapping L is a unique fixed point
of J in the set
M ¼ fg 2 S : dðh; gÞ\1g:
This implies that L is a unique mapping satisfying
(3.6) such that there exists a u 2 ð0;1Þ satisfying




for all x 2 X and all t[ 0;










for all x 2 X;
(3) dðf ; LÞ 1
1a dðf ; Jf Þ, which implies the inequality








for all x 2 X and all t[ 0. This implies that the
























































for all xi; yj; zk 2 X and all t[ 0. Hence L : X ! Y
is an Cauchy–Jensen mapping and we get desired
results. h
Corollary 3.2 Let X be a real normed space, h be a
positive real number and r is a real number with r[ 1. Let




































¼LðxÞ exists for all x2X and





for all x 2 X and all t[ 0.
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Proof The proof follows from Theorem 2.1 by taking
Uxi;yj;zkðtÞ ¼
t










and we get the desired result. h
Theorem 3.3 Let X be a linear space ðY; l; TMÞ be a
complete RN-space and U be a mapping from Xpþqþd to










for all xi; yj; zk 2 X and all t[ 0. Let f : X ! Y be a









exists for all x 2 X and L : X ! Y is a unique Cauchy–
Jensen additive mapping such that
lf ðxÞLðxÞðtÞUx; x; . . .; x
|ﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄ}
ðpþqþdÞtimes
ððpþ qþ 2dÞð1 aÞtÞ ð3:8Þ
for all x 2 X.
Proof Let ðS; dÞ be the generalized metric space defined
in the proof of Theorem 2.1.
Now we consider the linear mapping J : ðS; dÞ ! ðS; dÞ
such that
JgðxÞ :¼ 2





for all x 2 X.
It follows from (3.4) that dðf ; Jf Þ 1
pþqþ2d. By Theorem
1.6, there exists a mapping L : X ! Y satisfying the
following:
(1) L is a fixed point of J, i.e.,
ðpþ qþ 2dÞL
2




for all x 2 X. The mapping L is a unique fixed point
of J in the set
M ¼ fg 2 S : dðh; gÞ\1g:
This implies that L is a unique mapping satisfying
(3.9) such that there exists a u 2 ð0;1Þ satisfying
lgðxÞhðxÞðutÞUx;x;...;xðtÞ
for all x 2 X and all t[ 0;









for all x 2 X;
(3) dðf ; LÞ 1
1a dðf ; Jf Þ, which implies the inequality




ðpþ qþ 2dÞð1 aÞ
 




for all x 2 X and all t[ 0. This implies that the
inequalities (3.8) hold. The rest of the proof is
similar to the proof of Theorem 2.1. h
Corollary 3.4 Let X be a real normed space, h be a
positive real number and r be a real number with 0\r\1.
Let f : X ! Y be a mapping with f ð0Þ ¼ 0 and satisfying
(3.7). Then there exists a unique Cauchy–Jensen mapping
L : X ! Y such that
lf ðxÞLðxÞðtÞ
 ðpþ qþ 2dÞð2
r  ðpþ qþ 2dÞrÞt
ðpþ qþ 2dÞð2r  ðpþ qþ 2dÞrÞt þ 2rðpþ qþ dÞhkxkr
for all x 2 X and all t[ 0.
Proof The proof follows from Theorem 3.3 by taking
Uxi;yj;zkðtÞ ¼
t










and we get the desired result. h
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